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In this document, we correct the friction coefficient values presented in Table III in a study by Larson and
Higdon [“A periodic grain consolidation model of porous media”, Phys. Fluids A 1, 38 (1989)]. The authors
addressed the problem of Stokes flow through periodic arrays of (non-)overlapping spheres and determined
the friction coefficients. It appears that the volume of the overlapping region of spheres was not taken into
account, which affected the total solid concentration and systematically biased the corresponding friction
coefficient values. We correct the sphere concentration and friction coefficients, and validate our approach
with lattice-Boltzmann simulations. The suggested correction is valid in the case of overlapping spheres only,
when the volume of overlapping region is positive.

A. Governing equations

Following Hill et al.1 or van der Hoef et al.2, under sta-
tionary flow conditions, the pressure gradient ∇P exerted
on an array of nsp fixed solid spheres in the domain of
volume Vdomain can be described as follows:

|∇P | = |f | nsp
Vdomain

, (1)

where f is the average drag force acting on the spheres.
The volumetric sphere concentration, c, (or the solid
volume fraction) can be expressed as

c(dsp) =
nsp

Vdomain

π

6
d3sp, (2)

where dsp is the sphere diameter.
Let us introduce the friction coefficient K:

K =
|f |

3πµdsp|v|
, (3)

where the denominator is the Stokes drag force acting
on a single sphere in an unbounded fluid and |v| is the
average flow velocity. Combining (1), (2), and (3), we
obtain

K =
|∇P |Vdomain

nsp

1

3πµdsp|v|
=
d2sp|∇P |
18πµ|v|c

. (4)

B. Overlapping spheres: correction to concentration

Equation (2) can be formally applied to spheres of any
size, but, when spheres overlap, their calculated volume
concentration is incorrect. Equation (2) was used by
Larson and Higdon3 to calculate sphere concentrations
in their Table III. Despite this statement by the authors:
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“. . . For overlapping spheres, the volume fraction is given
by a slightly more complicated expression that accounts
for the volume of the spherical caps in the overlapping
region. . . ”, it seems that the volume of overlapping region
was not taken into account. Therefore, their values of K
for overlapping spheres were also affected. When spheres
overlap, the correct value of concentration c in equation (4)
should be calculated as

c∗ =
nsp

Vdomain

(π
6
d3sp − ncapVcap

)
, (5)

where ncap is the number of spherical caps (or sphere
contacts) per each sphere in a unit cell, and Vcap is the
volume of each spherical cap. A spherical cap is formed
when two touching spheres begin to overlap one another
after a further increase of their diameter(s). Assuming
two centers of equal-diameter spheres are separated by
distance s, i.e., dsp = s when the spheres touch, the
spherical cap volume is4

Vcap =
π

3

(
d3sp
4
− 3

8
sd2sp +

s3

8

)
, for dsp ≥ s. (6)

For the three considered packing types (FCC, BCC,

SC), nfccsp = 4, nbccsp = 2, nscsp = 1; V fcc
domain = (s

√
2)3,

V bcc
domain = (s2/

√
3)3, V sc

domain = s3; nfcccap = 12, nbcccap = 8,
nsccap = 6.

Using the value of concentration coriginal from Table III
in the original study3, one can obtain the corresponding
diameter doriginalsp after finding the smallest positive root
of the following cubic equation:(

1

2ncap
− 1

4

)
(doriginalsp )3 +

3

8
s (doriginalsp )2−

−
(
s3

8
+

3Vdomain coriginal
πnspncap

)
= 0.

(7)

The value of doriginalsp can be used to calculate c(doriginalsp )
from (2). Then, the following correction should be applied
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packing packing A: Khirevich5, B: Khirevich5, C: Larson3, D: Larson3,
type concentration K using c∗ K using c Koriginal Kcorrected, eq. (8)
FCC 0.8 920.2 914.0 913.8 920.2
BCC 0.75 301.5 299.3 299.2 301.3
SC 0.7 147.3 139.8 139.8 147.2

FCC 0.92 2.67 · 104 2.46 · 104 2.48 · 104 2.69 · 104

BCC 0.92 5.99 · 103 5.47 · 103 5.47 · 103 5.99 · 103

SC 0.92 1.51 · 104 1.13 · 104 1.20 · 104 1.61 · 104

TABLE I. Friction coefficients determined for various packing types and concentrations. Columns A and B: values of K
determined via the extrapolation approach from the study of Khirevich and Patzek5 using c∗ and c, respectively. C: Original
values from Larson and Higdon3. D: Corrected values from column C using eq. (8). The underlined value indicates a typo in the

exponent in the original study of Larson and Higdon3, where Koriginal
bcc,c=0.92 = 5.47 · 104.

to the values of Koriginal for overlapping spheres:

Kcorrected = Koriginal
c(doriginalsp )

coriginal
. (8)

C. Alternative determination of the friction coefficient
and validation

To validate the derivations above, we determined the
friction coefficients using an alternative approach pre-
sented in the study of Khrievich and Patzek5. Their ap-
proach is based on the lattice-Boltzmann method (LBM)
simulations and extrapolation toward an infinitely high
resolution of the discretization. For the extrapolation,
the friction coefficient values were obtained using the
discretization resolutions of 290 lattice nodes per sphere
diameter or higher, and LBM parameter Λ = 0.05. Such
a simulation setup provides values of K with accuracy of
10−3 or better5. Results of LBM simulations and extrap-
olation are demonstrated in Fig. 1.

Table I presents both the correct (column A) and incor-
rect (column B) values of K based on the LBM approach.
The original K values of Larson and Higdon3 in column
C are similar to those in column B. The friction coeffi-

cient values corrected with eq. (8) are similar to the LBM
results in column A.

For the sake of completeness, we comment on the limits
of applicability of eq. (5). With increasing dsp, new sphere-
to-sphere contacts are introduced and eq. (5) needs further
modification. For FCC packing, this will occur at dbccsp >
1.15s and c > 0.96. For BCC packing, new contacts will
appear at dbccsp > s2/

√
3 and c > 0.939. For SC packing,

no new contacts will appear until the geometry becomes
impermeable at dscsp >

√
2 and c > 0.965.
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FIG. 1. Results of the lattice Boltzmann simulations using extrapolation approach presented previously5. Using average flow
velocity, friction coefficient K for overlapping spheres can be calculated according to eq. (4) using correct concentration value
from eq. (5) (blue color) or incorrect one from eq. (2) (red color). Both approaches can be used to find accurate values of K
using linear extrapolation.
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